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Optimal Investing after Retirement
Under Time-Varying Risk Capacity Constraint
Abstract
This paper explores an optimal investing problem for a retiree facing longevity risk and living
standard risk. We formulate the optimal investing problem as an optimal portfolio choice problem
under a time-varying risk capacity constraint. Under the specific condition on model parameters, we
show that the value function is a C2 solution of the HJB equation and derive the optimal investment
strategy in terms of second-order ordinary differential equations. The optimal portfolio is nearly
neutral to the stock market movement if the portfolio’s value is at a sufficiently high level; but, if
the portfolio is not worth enough to sustain the retirement spending, the retiree actively invests in
the stock market for the higher expected return. In addition, we solve an optimal portfolio choice
problem under a leverage constraint and show that the optimal portfolio would lose significantly in
stressed markets. This paper shows that the time-varying risk capacity constraint has important
implications for asset allocation in retirement.
Keywords: Risk Capacity, Retirement Portfolio, Longevity Risk, Leverage Constraint
JEL Classification Codes: G11, G12, G13, D52, and D90
“It is living standard risk you should know about the risk. It is what your exposure is to a major
change in your standard of living during the entirely uncertain numbers of years you remain alive.”
- Dr. Kenneth French, Annual Conference for Dimensional Funds Advisors, 2016.
1 Introduction
Investing during retirement is significantly different matter from investing for retirement.1 Economists
have found profound challenges of investing in retirement due to aging and health shocks, risk-
taking, and retirement adequacy.2 Compared to investing before retirement, retirees invest in an
unknown but finite length of time because of longevity risk.They worry about the balance between
spending and leaving wealth as an inheritance. In addition, as stated by Kenneth French, these
individuals will also face capacity risk if a market downturn were to occur, leading to a substantial
decline in their standards of living. This paper studies this optimal investment problem for retirees,
taking both longevity risk and living standard risk into consideration.
In this paper, we study an optimal portfolio choice problem in a continuous-time framework
by incorporating the following several significant investment features post-retirement. First, we
consider mortality risk that the retiree has an uncertain investment time-horizon. The length of
each individual’s retirement may differ from the statistical life expectancy, and the mortality risk
is virtually independent of the market risk in the financial market. A second feature we consider
is that the retiree has a cash inflow from the social security account and retirement account. In
most countries, retirees are forced to withdraw from the retirement account, which provides a fixed
income stream for spending. For example, since its inception, Bengen’s “four percent rule” has been
recognized as a standard in retirement professional (Bengen, 1994). Third, the retiree may hope
to leave an inheritance. Finally, the absence of labor income results in individual risk capacity,
therefore strong risk-averse behaviors. With a massive market risk exposure in the portfolio, the
retiree faces a risk to sacrifice the standard of living when the market declines as in 2008-2009
financial crisis or 2020 COVID-19. We formula and solve an optimal portfolio choice problem with
these investment features for retirees.
For an analytical purpose, we consider two assets in the economy. One asset is a risky asset
that provides a risk premium, and another asset is risk-free. To focus on investment decisions, we
fix a withdrawal rate in the consumption policy, which is consistent with market practices. The
retiree has a CRRA utility function on consumption flows and the bequest of wealth. To capture
1There are many approaches to construct the retirement portfolio before retirement. See Gustman and Steinmeie
(1986), Roozebt and Shourideh (2019) for its structural and optimal reform approach of the retirement model. The
optimal portfolio choice approach with labor income includes Bodie, Merton, and Samuelson (1992), Cocco, Gomes,
and Maenhout (2005), Viceira (2001).
2See Brady (2010), Coile and Milligan (2009), Goldman and Orszag (2014), Gustman, Steinmeier and Tabatabai
(2012), Poterba (2016) and Yogo (2016).
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the living standard risk, we impose a time-varying risk capacity constraint on the investment. That
is, the dollar amount invested in the risky asset is always bounded from above by a predetermined
percentage of the retiree’s portfolio wealth at the retirement date (the initial wealth).
The technical contributions in this paper are as follows. By developing a new approach to the
portfolio choice problem under constraint, we show that, under the specific condition on model
parameters, the value function (expected utility function) of the optimal portfolio choice problem is
a C2 solution of the corresponding Hamilton-Jacobi-Bellman equation (Proposition 4). If the value
function is C2 smooth, we explicitly characterize the region in which the risk capacity constraint
is binding. We further derive the optimal investment policy by using a well-defined second-order
ordinary differential equation (Proposition 2 and Proposition 3). The second-order ordinary differ-
ential equation can be numerically solved efficiently to illustrate the results. For a general utility
function, we characterize the value function as the unique viscosity solution of the HJB equation
(Proposition 1).
This paper contributes to the optimal portfolio choice literature by solving a stochastic control
problem with a new objective function and a new risk capacity constraint. At first glance, this
risk capacity constraint seems to be a particular case of leverage constraint or collateral constraint,
Xt ≤ f(Wt), where Xt represents the dollar instead in the risky asset and Wt the wealth at time
t. However, earlier literature on the leverage constraint does not study the situation that f(Wt) is
independent on Wt.
3 Therefore, our developed approach and result provide new insights into the
portfolio choice problem (or a stochastic control problem in general) under an extreme leverage
constraint, a dynamic constraint Xt ≤ L for all time t. The objective function is also new to the
best of our knowledge. Since we consider the uncertain time-horizon (Yaari, 1965, Richard, 1975,
Blanchet-Scaillet et al. 2008), both the consumption process and the wealth process are involved
in the objective function to capture the retiree’s mortality risk.
Our results have several important properties and implications for retirement investment. First,
the investment strategy is not a myopic one. The risk capacity constraint on the future investment
decisions affects the investment at any instant time. Therefore, the investing strategy is not merely
cutting the benchmark strategy, which has no risk capacity constraint.
Second, the optimal investment strategy displays a remarkable wealth-cycle property, in contrast
to the life-cycle feature suggested in both academic and practice.4 Specifically, when the portfolio
3See, for instance, Zariphopoulou (1994), Vila and Zariphopoulou (1997), Detemple and Murthy (1997). Studies
on portfolio choice and asset pricing under other dynamic constraints on the control variable ct or the state variable,
Wt, include Dybvig (1995), El Karouri and Jeanbalnc-Pqiue (1998), Determple ad Serrat (2003), Elie and Toizi
(2008), Dybvig and Liu (2010), Chen and Tian (2016), Ahn, Choi and Lim (2019), and reference therein.
4According to Modigliani (1986), individual’s investment and consumption decision has a life-cycle feature. See
Benzoni, Dufresne and Goldstein (2007), Viceira (2001), Cocco, Gomes, and Maenhout (2005), Gomes and Michaelides
(2005), and Bodie et al. (2009) for life-cycle theoretical and empirical studies. The life-cycle hypothesis is also used
for preparing the retirement portfolio and in the retirement portfolio. For instance, a conventional rule for an agent
of age t is to invest (100 - t)/100 percent of wealth in the stock market. See Malkiel (1999).
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value is unsustainable for the entire retirement period, the retiree should invest in the market,
because the dollar investment in the stock will increase the expected portfolio value. Nevertheless,
the percentage of wealth in the market declines when the portfolio is worth more. The declining
percentage of the wealth invested in the risky asset is due to the retiree’s standard living concern
to protect the portfolio value. This decreasing feature of the percentage becomes significant when
the portfolio worths sufficiently high.
Since the dollar invested in the stock is always a constant L when the portfolio wealth is higher
than a threshold W ∗, this threshold W ∗ measures the expected lump sum of the spending in the
retirement period. Intuitively, when the portfolio worths more than this threshold, the retiree aims
to protect the portfolio by investing only a fixed amount of L in the stock market without losing
the living standard. By implementing this contingent constant-dollar strategy,5 the retiree sells
the stock when the stock market moves high, which is consistent with the retirement portfolio’s
decumulation process. In contrast, investing for retirement is an accumulating asset process.
Third, the portfolio is nearly independent of the stock market when the retiree’s portfolio worths
sufficiently to embrace the living standard; therefore, reducing the retiree’s living standard risk.
As a comparison, we solve an optimal portfolio choice problem by imposing a standard leverage
constraint on the percentage of the wealth in the stock market. We demonstrate that the optimal
portfolio under the leverage constraint moves precisely in the stock movement direction, which is a
severe concern of the standard living risk in a stressed market period.
The structure of the paper is organized as follows. In Section 2, we introduce the model and
present the retiree’s optimal investment problem to capture his mortality risk and living standard
risk. In Section 3, we present a characterization of the value function for a general utility function.
In Section 4, we derive the value function and the optimal investment strategy for a CRRA utility.
We present several properties of the optimal portfolio, and numerically illustrate these properties in
Section 5. We solve and make a comparison with another relevant optimal portfolio choice problem
under a leverage constraint in this section. The conclusion is given in Section 6, and technical
proofs are given in Appendix A - Appendix B.
2 The Model
In this section, we introduce the model and an optimal portfolio choice problem for a retired
individual (retiree).
5In a classical constant-dollar strategy, the dollar invested in the risky asset is always fixed. By contrast, by a
contingent constant-dollar strategy we mean a fixed dollar is invested in the risky asset if and only if the portfolio
value is higher than a threshold.
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2.1 Investment Opportunity
There are two assets in a continuous-time economy. Let (Ω,Ft, P ) be a filtered probability space
in which the information flow in the economy is generated by a standard one-dimension Brownian
motion (Zt). The risk-free asset (“the bond”) grows at a continuously compounded, constant r. We
treat the risk-free asset as a numeaire so we assume that r = 0. F∞ is the σ-algebra generated by
all Ft,∀t ∈ [0,∞).
The other asset (”the stock index”) is a risky asset, and its price process S follows
dSt = µStdt+ σStdZt (1)
where µ and σ are the expected return and the volatility of the stock index.
2.2 Investor
We consider an individual right after his retirement. We simply name “he” for this retiree. The
retirement date is set to be zero. The retiree’s initial wealth is W0 at the retirement date. The
retiree is risk-averse and his utility function is denoted by a strictly increasing and concave function
u(·) : (0,∞)→ R and u(·) satisfies the Inada’s condition: limW↑∞ u′(W ) = 0, and limW↓0 u′(W ) =
0.
Since the retiree faces his mortality risk, the investment time-horizon is uncertain, neither
a fixed finite time nor infinity. We assume that the investor’s death time τ has an exponential
distribution with mean λ, that is, P{τ ∈ dt} = λe−λdt. Therefore, the probability of the retiree
survives in the next t years is e−λt. The investor’s average life time is 1λ and the variance of his life
time is 1
λ2
. For example, if λ = 0.05, it means that a normal retiree who retires at 65 is likely died
at 85 years old. We assume that τ is independent of the information set F∞.
2.3 An optimal retirement portfolio problem
Compared with a standard investor before retirement, there are several distinct features in the
retiree’s portfolio choice problem. (1) The retiree has a fixed cash flow from his social security
account post-retirement.6 (2) He is either able to withdraw without penalty or enforced to withdraw
from his retirement account.7 (3) He has no labor income anymore. (4) He has a mortality risk,
and (5) he becomes more risk-averse than when before retirement because he has concerns on the
6 See www.ssa.gov for the social security system in U.S.A. There are similar social security systems in Europe and
Canada.
7In U.S.A, people are able to withdraw around 60 years old (and enforced to withdraw the minimal distributions
nearly 70 old) from the retirement account. Moreover, a standard withdrawal rate is between 4% to 5%. See Bengen
(1994).
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market downturn and has no sufficient time to wait for the market return. We introduce a portfolio
choice problem to incorporate these five features.
Specifically, the optimal portfolio choice problem for the retiree at time zero is
max
(X)
E
[∫ τ
0
e−δsu(cWs)ds+Ke−δτu((1− α)Wτ )
]
(2)
where δ is the retiree’s subjective discount factor, α is the inheritance tax rate of the wealth, K is a
number that determines the strength of the bequest (to heirs), and his wealth process Wt satisfies
dWt = Xt (µdt+ σdZt)− cWtdt,∀0 ≤ t ≤ τ, (3)
and Xt represents the dollar amount in the risky asset. By assumption, (Xt) is adapted to the
filtration Ft.
Because of the social security safety net and income from his retirement portfolio, we choose
and fix the withdrawal rate, ct = cWt, c ∈ (4%, 5%) following Bengen (1994).8 Therefore, the
retiree focuses on the investment decision Xt to maximize his expected utility. Moreover, there is
no labor-income flow in the budget equation (3). To model the risk-averse preference of the retired,
we assume that
Xt ≤ L, 0 ≤ t ≤ τ. (4)
It states that the investor’s dollar amount in the risky asset is bounded above by a fixed constant.
We call it a time-varying risk capacity and L a capacity level. Equivalently, Xt ≤ lW0, where
l = L/W0, then the dollar amount is bounded above by a percentage of his initial wealth. For
example, when l = 30%,W0 = 1, 000, 000, then we require that at most $300,000 invested in the
stock market in the entire investment time period. We use this “risk capacity constraint” to control
the retiree’s living standard risk. Since the retiree might encounter a terrible market downturn,
such a risk capacity constraint prevents the portfolio from a huge loss.
Lastly, we assume the non-negative wealth for no-arbitrage condition
Wt ≥ 0, 0 ≤ t ≤ τ. (5)
8A constant percentage consumption rate, ct = cWt, is standard in literature to find the optimal spending rule.
See, for instance, Dybvig (1995), Campbell and Sigalov (2019). It is also consistent with Modigliani’s life-cycle theory
of consumption.
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Given the distribution of τ , and the independent assumption between τ and F∞, by the Fubini’s
theorem,9 we have
E
[∫ τ
0
e−δsu(cWs)ds
]
= E
[∫ ∞
0
e−δsu(cWs)1s≤τds
]
= E
[∫ ∞
0
e−δsE [u(cWs)1s≤τ |F∞] ds
]
= E
[∫ ∞
0
e−δsu(cWs)P (s ≤ τ)ds
]
= E
[∫ ∞
0
u(cWs)e
−(λ+δ)sds
]
where we make use of the fact that P (τ ≥ s) = ∫∞s λe−λtdt = e−λs. Similarly, we have
E[e−δτu((1− α)Wτ )] = λE
[∫ ∞
0
e−(λ+δ)tu((1− α)Wt)dt
]
.
Therefore, the retiree’s optimal retirement portfolio problem (2) is reduced to a Merton-Richard
type problem as follows (Merton, 1971; Richard, 1975),
J(W,L) = max
(X)
E
[∫ ∞
0
e−(λ+δ)t (λKu((1− α)Wt) + u(cWt)) dt
]
(6)
subject to constraints (3) - (5). The function inside the integral of J(W,L), λKu ((1− α)Wt) +
u(cWt), represents the combination of the preference on the consumption as well as the terminal
wealth by incorporating the tax-rate, longevity risk. The general value function at any time t is
J(Wt, L) = max
(X)
E
[∫ ∞
t
e−(λ+δ)(s−t) (λKu((1− α)Ws) + u(cWs)) ds
]
(7)
subject to (3) - (5).
2.4 An all-safety strategy
For a retiree, to invest solely in the risk-free asset is one admissible strategy for the retiree. Letting
Xt = 0 for all time t, then Wt = W0e
−ct, and the value function is bounded below by∫ ∞
0
e−(λ+δ)t
(
λKu((1− α)We−ct) + u(cWe−ct)) dt.
9See Dellacherie (1972). The portfolio choice problem under uncertain time-horizon is studied widely in literature.
For instance, Karatzas and Wang (2001) for a general stopping time, Blanchet-Scaillet, et al. (2008) considered the
case when the random time τ has continuous conditional probability distribution conditional on the market prices.
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This lower bound clearly equals to J(W ; 0) when L = 0. In general, J(W ;L1) ≤ J(W ;L2) ≤
J(W ;∞) for any 0 ≤ L1 ≤ L2, where
J(W ;∞) = max
(X)
E
[∫ ∞
0
e−(λ+δ)t (λKu((1− α)Wt) + u(cWt)) dt
]
denotes the value function for a retiree without the risk capacity constraint (4).
3 A characterization of the value function
The stochastic control problem (6) can be viewed as a special case of the following general stochastic
control problem,
E
[∫ T
0
f(t, Ct,Wt, Xt)dt
]
,
and there are extant studies on this kind of problem in stochastic control literature back to Bismut
(1973). In this section, we characterize the value function V (W ;L) in terms of the viscosity solution
of the Hamilton-Jacobi-Bellman (HJB) equation.
Proposition 1 The value function V (W ) is the unique viscosity solution in the class of concave
function, of the following HJB equation:
(λ+ δ)J(W ) = max
0≤X≤L
[
1
2
σ2X2J ′′(W )) + µXJ ′(W )
]
− cWJ ′(W ) + λKu((1− α)W ) + u(cW ), (W > 0) (8)
with J(0) = 1+λKλ+δ u(0).
By Proposition 1, the value function is uniquely characterized by the viscosity solution of the
HJB equation.10 However, this characterization is not strong enough to derive the explicitly solution
of the optimal portfolio. The main insight in Proposition 1 is that, without knowing the smooth
property (“ex-ante”) of the value function of a portfolio choice problem, the value function can still
be uniquely characterized in the framework of viscosity solution.11 Building on this characterization,
10Briefly speaking, a viscosity subsolution V of a second-order equation F (x, u, ux, uxx) = 0 if for any smooth
function ψ and a maximum point x0 of V − ψ, the inequality F (x0, V (x0), ψx(x0), ψxx(x0)) ≤ 0. Similarly,
V is a viscosity supersolution if for any smooth function ψ and a minimum point x0 of V − ψ, the inequality
F (x0, V (x0), ψx(x0), ψxx(x0)) ≥ 0. A viscosity solution is both a viscosity subsolution and supersolution. We refer
to Fleming and Rishel (2006) for the theory of viscosity solution.
11Extant studies on the twice differentiability in optimal control problems, including Ren, Touzi and Zhang (2014),
and Strulovici and Szydlowski (2015) and reference therein, rely on certain conditions on the model and the control
process. These results cannot be applied in our problem directly since the utility function u(·) does not satisfy the
global Lipschitz condition.
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we will derive further smoothness properties of the value function and the optimal strategies for a
particular class of utility function.
4 The optimal strategy for CRRA utility
From this section, we consider the following CRRA utility function
u(W ) =
W 1−R
1−R ,R > 0, R 6= 1.
By its scaling property u(cWt) = c
1−Ru(Wt), we have
λKu((1− α)Wt) + u(cWt) =
(
λK(1− α)1−R + c1−R)u(Wt).
Then
J(W ) =
(
λK(1− α)1−R + c1−R)V (W ),
where
V (W ) = max
(X)
E
[∫ ∞
0
e−(λ+δ)tu(Wt)dt
]
.
For a CRRA utility, the HJB equation (8) of the value function can be written as
(λ+ δ)V (W ) = max
0≤X≤L
[
1
2
σ2X2V ′′(W ) + µXV ′(W )
]
− cWV ′(W ) + u(W ), (W > 0). (9)
The contribution of this section to demonstrate that the value function is a C2 smooth solution
of the HJB equation under certain assumptions on model parameters. We also derive the optimal
strategy analytically by well-defined second order ordinary differential equation. For simplicity, we
assume that R < 1,12 and focus on the function V (W ).
4.1 A baseline model
We start with a benchmark situation, L =∞, that is, there is no constraint on the risky investment.
For this purpose, we assume that
12Most arguments can be applied for other risk aversion parameter R > 1. The choice of R < 1 implies that
u(0) <∞ and V (0) <∞.
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Assumption A.
λ+ δ > ρ− c(1−R), (10)
where κ = µ
2
2σ2
, ρ = (1−R)κR .
Lemma 4.1 Under Assumption A, the value function in the absence of the risk capacity constraint,
V (W ;∞), is
V (W ;∞) = 1
λ+ δ − ρ+ c(1−R)
W 1−R
1−R .
The risky asset investment amount is
Xt =
µ
Rσ2
Wt. (11)
When c = 0, Lemma 4.1 is essentially given in Liu and Loewenstein (2002), Lemma 1. For
a general positive consumption rate c, the optimal investment strategy is independent of the con-
sumption rate. Blanchet-Scaillet et al. (2008), Theorem 3 and Proposition 5 show that the optimal
strategy is the same if τ is independent from F∞ and its conditional probability density function
conditional on F∞ is continuous. By Lemma 4.1, the portfolio value process satisfies
dWt = Wt
(
(
µ
Rσ2
− c)dt+ σ µ
Rσ2
dZt
)
.
Since the portfolio Wt is a lognormal process, there is a positive probability that
µ
Rσ2
Wt > L for
any positive number L. Moreover, there is a positive probability of Wt <  for any t > 0 and a
positive number . Therefore, the retirement wealth portfolio has a substantial living standard risk.
4.2 Constrained and unconstrained region
In our approach, we first characterize the region in which the risk capacity constraint is binding by
assuming the C2 smooth property of the value function V (W ) (in this subsection). Then, relying
on the characterization of the constrained and unconstrained region, we will verify the smooth
property by an explicit construction of the candidate smooth function as the value function (in
Section 4.3 and Section 4.4) below.
Since the optimal dollar amount X is
X = min
{
µ
σ2
V ′(W )
−V ′′(W ) , L
}
, (12)
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the unconstrained region U is
U =
{
W > 0 :
µ
σ2
V ′(W )
−V ′′(W ) < L
}
.
Then, over the unconstrained region, the value function V (·) satisfies
(λ+ δ)V (W ) = u(W ) + κ
(V ′(W ))2
−V ′′(W ) − cWV
′(W ). (13)
Similarly, the constrained region B is given by
B =
{
W > 0 :
µ
σ2
V ′(W )
−V ′′(W ) > L
}
,
in which the constraint (4) is binding. Over this region, V (·) satisfies a second-order linear ODE
(λ+ δ)V (W ) = u(W ) + (µL− cW )V ′(W ) + 1
2
σ2L2V ′′(W ). (14)
Proposition 2 Assume V (W ) is C2 smooth, then there exists a positive number W ∗ such that
U = (0,W ∗) and B = (W ∗,∞).
Proposition 2 characterizes the region in which the risk capacity constraint is binding by one
positive number W ∗. By Lemma 4.1, the risk-capacity constraint (4) is not binding for all W > 0.
Therefore, the number W ∗ is a finite number. The characterization of U and B is important to derive
explicitly the value function in our subsequent discussion. From an economic perspective, if the
retiree starts to put the maximum $L in the stock when his portfolio can sustainable his retirement
spending, he will not invest a smaller dollar amount in the market when his wealth growths more.
Therefore, the constrained region is an open interval. In this regard, the number W ∗ measures
the expected value to sustain the spending with comfortable living standard. Consequently, the
investing strategy will be different when W > W ∗ or W < W ∗.
4.3 Explicit characterization of the value function
In this section, we present the optimal solution explicitly for a CRRA utility, assuming the value
function is C2. The smooth property will be verified in the next subsection under certain condition.
Proposition 3 Assume V (W ) is C2 smooth and Assumption A holds, then in the region (0,W ∗),
V (W ) = V (0) +
∫ G−1(W )
0
g−RG′(g)dg,
10
where G(g) is strictly increasing, G(0) = 0, and it satisfies the following ODE
κ
R
gG′′ =
(
λ+ δ + c− κ
R
(1−R)
)
G′ − cR(g−1G)− gRG−RG′. (15)
The value function V (W ) satisfies ODE (14) in the region (W ∗,∞). Moreover, there exists two
positive numbers C1 and C2 such that
C1 ≤ V (W )
W 1−R
,
V ′(W )
W−R
≤ C2,∀W > 0.
Proposition 2 plays a crucial role in this characterization. By Proposition 2, the value function
and the optimal investment strategy can be examined into two separate regions. If the portfolio
value is high enough, W > W ∗, the value function is a solution of a second-order linear ODE
(14). Assuming W ∗ is given, then the value function can be characterized by the conditions that
V (W )
W 1−R ≤ C and
V ′(W )
W−R ≤ C,∀W ∈ (W ∗,∞).
On the other hand, in the region W ∈ [0,W ∗) and assuming W ∗ is known, we reduce the
nonlinear ODE (13) to a second-order ODE by using the well-known transformation: VW = g
−R,13
and W = G(g) for an increasing auxiliary function G(·). The HJB equation of the value function
is reduced to the second-order ODE (15), and the function G(g) is characterized by appropriate
boundary conditions. Finally, the smooth-fit property of the value function determines the number
W ∗ uniquely by Proposition 1 and Proposition 2.
As shown in both Proposition 2 and Proposition 3, the number W ∗ is essential in the explicit
characterization of the value function. Indeed, the next result demonstrates that, if there is a
number W ∗ to separate the unconstrained and constrained region in general, the value function is
smooth.
Lemma 4.2 Assume V (x) is a continuous viscosity solution of a second-order (HJB) equation
F (x, u, ux, uxx) = 0 and the region of x is D = (0,∞). Moreover, there exists x∗ such that V (x) is
smooth in both (0, x∗) and (x∗,∞), then V (x) must satisfies the smooth-fit condition at x∗, that is,
V ′(x∗−) = V ′(x∗+).
Lemma 4.2 can be viewed as a converse statement of Proposition 2.14 If the value function is
smooth in each region (0,W ∗), (W ∗,∞), then the value function must be smooth as long as the
value function is continuous and a viscosity solution of a HJB equation. This result is interesting in
its own right and it can be used to verify the smooth property as will be shown in the next section.
13This transformation is well-known to solve the optimal consumption-portfolio choice problem since g is the
endogenous consumption rate in the HJB equation. See Karatzas and Shreve (1998), Chapter 5, and its references.
Even though there is no optimal consumption rate in our model, this transformation is also essential to characterize
the optimal solution in this paper.
14We thank Prof. Jianfeng Zhang for providing this lemma to simplify our previous arguments.
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4.4 A special case
In this section, we consider a particular case that c = 0 and derive the C2 smooth property of
the value function under certain condition on model parameters. Our analysis is motivated by
Proposition 3 and Lemma 4.2. A zero consumption rate occurs when the retiree is willing to
transform entire wealth to his heirs, or social security safety net and other incomes are sufficient
for spending during his retirement period.
Define two real numbers
β1 =
−µ+√µ2 + 2(λ+ δ)σ2
σ2L
, β2 =
−µ−√µ2 + 2(λ+ δ)σ2
σ2L
. (16)
β1 and β2 are two roots of the following quadratic equation
1
2
σ2L2β2 + Lµβ − λ− δ = 0
and β1 > 0 > β2.
Define
V0(W ) =
2
(β1 − β2)(1−R)σ2L2
×
{
eβ2W
∫ W
0
x1−Re−β2xdx− eβ1W
∫ W
0
x1−Re−β1xdx
}
.
The function V0(W ) is a well-defined smooth function for W > 0. We recall the expression of
Gamma function,
Γ(x) =
∫ ∞
0
sx−1e−sds,
which is well-defined for all real number x > 0. 15
Given a W ∗ > 0, we define two real numbers C∗ and W ∗ by
C∗ =
− 2
(β1−β2)(1−R)σ2L2β
R−1
1 Γ(2−R)eβ1W
∗
[µ+ Lσ2β1]− µV ′0(W ∗)− σ2LV ′′0 (W ∗)
σ2L(β2)2eβ2W
∗ + µβ2eβ2W
∗ , (17)
and
g∗ =
{
2
(β1 − β2)(1−R)σ2L2 (β1)
R−1Γ(2−R)eβ1W ∗ + C∗β2eβ2W ∗ + V ′0(W ∗)
}− 1
R
. (18)
15We refer to Appendix B for basic properties of the Gamma function.
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Proposition 4 Under Assumption A, and assume the existence of a positive solution W ∗ of the
following equation
u(0)
λ+ δ
+
∫ g∗
0
g−RG′(g)dg =
2
(β1 − β2)(1−R)σ2L2 (β1)
R−2Γ(2−R)eβ1W ∗+C∗eβ2W ∗+V0(W ∗), (19)
where G(g) satisfies the second-order ordinary differential equation (ODE), 0 ≤ g ≤ g∗,
G′′(g) =
R
κ
g−1G′(g)
[
λ+ δ − ρ− gR(G(g))−R] (20)
with boundary condition G(0) = 0, G(g∗) = W ∗ and G′(g∗) = LRσ
2
µ (g
∗)−1. Then, the number W ∗
is unique and the value function V (W ;L) is C2 smooth and given by
V (W,L) =

u(0)
λ+δ +
∫ G−1(W )
0 g
−RG′(g)dg, W ≤W ∗
2
(β1−β2)(1−R)σ2L2 (β1)
R−2Γ(2−R)eβ1W + Ceβ2W + V0(W ), W > W ∗.
(21)
Proposition 4 presents a closed-form expression of the value function and the optimal strategy
in terms of W ∗ and the auxiliary function G(·). By its construction, V (W ;L) is the smooth function
of the HJB equation. Then, by the unique characterization of the value function in Proposition 1,
the value function is given by the expression (21) in Proposition 4 .
In particular, if L = ∞, then G(·) is a linear function and W ∗ = ∞. In general, the function
G(·) is non-linear, and its non-linearity is equivalent to the non-myopic property of the optimal
strategy, as will be explained in the next section.
5 Discussions
In this section, we present several properties and implications of the optimal strategy. We also
solve an optimal portfolio choice problem under a leverage constraint.
5.1 Optimal Strategy
We start with the optimal investing strategy.
Proposition 5 The optimal portfolio strategy is
X(W ) =

µ
Rσ2
gG′(g), W ≤W ∗ = G(g∗)
L, W > W ∗
(22)
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This optimal portfolio strategy is not the myopic strategy.
By Proposition 4, the optimal portfolio strategy is explicitly given by the auxiliary function
G(·) in the unconstrained region. If the optimal strategy is the myopic strategy in the sense that
Xt = min
{ µ
Rσ2
Wt, L
}
, then G(g) must be a linear function of g, and W ∗ = LRσ
2
µ . In this case,
Equation (19) fails in general because the left side is a polynomial function while the right hand
is virtually an incomplete Gamma function. Intuitively, the risk-capacity constraint affects the
investment decision even though the constraint is not binding instantly.
As a numerical illustration, we plot the auxiliary function G(·) and the investing strategy X(W )
with the wealth W . We choose the risk premium µ = 0.10 that is consistent with the market data of
S & P 500 between 1948 to 2018. The parameter λ is chosen as 0.07 to consistent to approximately
15 years of life after retirement. We choose the initial dollar amount of 700, 000 in a portfolio of 1
million as the maximum dollar amount in the stock market. Equivalently, 70 percent of the wealth
invested in the stock market, as suggested in Vanguard (2018), for the construction of retirement
portfolios. We let σ = 30%.This number σ is slightly higher than the calibration of the market
index since our purpose is to highlight the high likelihood of the market downturn, which is a big
concern for the retiree. Other parameters are R = 0.5, c = 0. By calculation, the expected value
for retirement level is W ∗ = 492, 235.
As shown in Figure 1 and Figure 2, since G(·) is not a linear function, the strategy is not a
myopic one. By the same reason, X(W ) as a function of the wealth is not C1 since
∂X(W )
∂W
|W=W ∗− = µ
Rσ2
(gG′(g))′
G′(g)
=
µ
Rσ2
(
1 +
gG′′(g)
G′(g)
)
6= 0.
The percentage of wealth in the risky asset, X(W )W , can be analyzed similarly. In the constrained
region, W ≥W ∗, the percentage of wealth is LW . The more the wealth, the smaller the percentage
of wealth. On the other hand, in the unconstrained region, X(W )W =
µ
Rσ2
gG′(g)
G(g) . This function
also decreases with respect to the wealth as shown in Figure 3. Both Figure 2 and Figure 3 show
that the optimal portfolio strategy displays a strong risk-aversion feature, by comparing with the
benchmark model without the risk capacity constraint.
5.2 Portfolio value process
Given the optimal strategy in Proposition 5, the optimal wealth process is uniquely determined by
dWt = min
{ µ
Rσ2
gG′(g), L
}
(µdt+ σdZt),W0 = W > 0. (23)
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It can be shown that the stochastic differential equation (23) has a strong solution. Therefore, we
can directly analyze the portfolio by the stochastic differential equation (23).
The portfolio dynamic is as follows. Assuming wealth Wt = W
∗ at a time t from below, then in
the instant time period, [t, t+δt], Wt,t+δt = Wt+L(µδt+σ
√
δtζ), and St+δt = St+St
(
µδt+
√
δtζ
)
,
where ζ is a standard normal variable. In a good scenario of the stock market, St+δt ≥ St, that
is, µδt + σ
√
δtζ > 0, then Wt+δt ≥ Wt, so the same dollar amount L is still invested in the stock
market. If the market drops in the period [t, t + δt], St+δt < St, then Wt+δt < W
∗, the portfolio
value reduces and is smaller than the threshold W ∗, then a new dollar amount, µ−Rσ2
V ′(Wt+δt)
V ′′(Wt+δt)
, is
invested in the stock market. The process continuous between the unconstrained region and the
constrained region.
The retirement portfolio’s return process is
dWt
Wt
=
min
{ µ
Rσ2
gG′(g), L
}
Wt
(µdt+ σdZt) .
Therefore, the instantaneous variance, V ar
[
dWt
Wt
]
converges to zero when W → ∞. When the
wealth is sufficiently high, the risk of the portfolio is very small so the retiree is able to resolve
the living standard risk, regardless of possible market downturn. Moreover, the instantaneous
covariance between dWtWt and
dSt
St
is
Cov
(
dWt
Wt
,
dSt
St
)
=
X(Wt)
Wt
σ2 → 0, as Wt →∞. (24)
Hence, the portfolio is virtually independent from the stock market if the portfolio value is large
enough.
5.3 Alternative strategy
We have demonstrated several properties of the proposed retirement portfolio and the portfolio
dynamic under the risk capacity constraint. In both theory and practice, an alternative and might
be a more popular strategy is to impose a maximum percentage of the wealth invested in the stock
market. Namely, Xt ≤ bWt. This kind of constraint is a special case of leverage Xt ≤ f(Wt) initially
studied in Zariphopoulou (1994), and Vila and Zariphopoulou (1997). In this section, we solve the
corresponding optimal portfolio choice problem and compare it with the risk capacity constraint.
Our contribution in this section is to show that the leverage constraint cannot resolve the living
standard risk for the retiree.
We use a predetermined number of b to represent the highest possible percentage of wealth
invested in risky asset. For instance, b = 0.7 means at most 70 percent of the portfolio is invested
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in the risky asset. We define
V b(W ) = sup
(X)
E
[∫ ∞
0
e−(λ+δ)tu(Wt)dt
]
(25)
where the risk capacity constraint is replaced by Xt ≤ bWt, ∀t. By Lemma 4.1, we assume that
b < µ
Rσ2
. Otherwise, V b(W ) is solved by Lemma 4.1 for all b ≥ µ
Rσ2
.
Proposition 6 Under the constraint that Xt ≤ bWt, the value function is
V b(W ) =
1
λ+ δ + (1−R)(12σ2b2R− µb+ c)
u(W ) (26)
and the optimal strategy is Xt = bWt.
Proposition 6 states that any constant percentage strategy Xt = bWt is an optimal policy under
a leverage constraint. Given this strategy, the wealth portfolio satisfies dWt = Wt ((bµ− c)dt+ σdZt)).
Therefore, Wt is a GBM, and there is a positive probability that the retirement portfolio is less than
any a positive number. Same as in the benchmark model in Lemma 4.1, the portfolio is perfectly
correlated to the stock market; thus, a downturn market could wipe out the retirement portfolio.
Therefore, by implementing the optimal investment strategy in Proposition 6, the retiree is subject
to a substantial living standard risk if the stock market declines significantly.
5.4 Implications
In this section, we explain several implications of our model.
First, the retiree needs to invest in the stock market since the all-safe strategy is too conser-
vative to sustain the spending given longevity risk. Second, we demonstrate that the risk capacity
constraint captures the retiree’s living standard risk, and the optimal portfolio under the risk capac-
ity constraint is a reasonable retirement strategy. Specifically, if the retirement portfolio value is not
high enough, the retiree should invest some money in the stock market to increase the growth rate.
However, when the portfolio value is high enough, the retiree implements a “contingent constant-
dollar amount strategy” by only placing L dollar of the portfolio in the stock market as long as the
portfolio value is higher than W ∗. Third, under the risk capacity constraint, the higher the port-
folio value, the smaller percentage of the wealth in the stock market. The portfolio can reduce the
living standard risk because its return is asymptotically independent of the stock market for a high
level of the portfolio value. Fourth, the risk-capacity constraint and the leverage constraint yield
different investment strategies. By implementing a leverage constraint, the generating retirement
portfolio is perfectly correlated to the stock market, so the retiree faces a substantial market risk.
These properties are illustrated in Figure 2 and Figure 3.
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How to choose the maximum dollar amount of L or l = L/W0 is of practically interesting.
Given the risk capacity level L, and define WL by the following equation
µ
Rσ2
WL = L, (27)
then WL ≡ LRσ2σ . WL is the portfolio wealth level at which the benchmark’s strategy in Lemma
4.1 provides the exact dollar amount of L in the stock market. Since the portfolio is not myopic,
the threshold W ∗ is higher than WL in Proposition 4. It implies that
X(W )
W is always bounded
by µ
Rσ2
in the constrained region. This point is illustrated in Figure 2 and Figure 3. If L1 < L2,
the invested dollar amount in the stock market under the constraint Xt ≤ L1 is bounded by the
corresponding money invested in the stock market for the level L2. While an increasing level of
L invests the expected return of the portfolio, the portfolio becomes riskier, as shown in Figure 4.
Therefore, a suitable level of L depends on its counter-effect to the expected return and risk.
6 Conclusion
In this paper, we solve an optimal investing problem for a retiree facing longevity risk and living
standard risk. By imposing a time-varying risk capacity constraint on the portfolio choice problem,
the corresponding optimal strategy enables the retiree to resolve the concern on the standard of
living in retirement. We also compare the risk capacity constraint with a leverage constraint.
We show that the leverage constraint yield a popular constant-percentage strategy, introducing
a substantial living standard risk. By contrast, the risk-capacity constraint implies a contingent
constant-dollar strategy to reduce the standard living risk.
Some factors in the retirement portfolio are not considered in this paper, however. For instance,
it is vital to choose risk asset classes or securities in retirement, including annuities, tax-free bonds,
and treasury inflation-protected securities (TIPS). It is rather simple to consider only one risky
asset class. We also assume a constant consumption rate in this paper, and it is important to
derive the optimal consumption-investment strategy in this framework. These issues are left for
further study.
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Appendix A. Proofs
To simplify the notations, we use J0(W ), J∞(W ) to represent J(W ; 0), J(W ;∞).
Lemma 6.1 The boundary condition for Proposition 1.1 is J(0) = 1+λKλ+δ u(0).
Proof: It suffices to show that if W0 = 0, then Wt ≡ 0,∀t > 0 for all admissible strategies. By
using the equation (3) and fix T > 0, a simple calculation leads to (for W0 = 0)
Wte
ct =
∫ t
0
ecsXsσdZ˜s ∀ 0 < t < T
where Z˜s = Zs+
µ
σs, 0 ≤ s ≤ T . {Z˜s}0≤s≤T is a Brownian Motion under P˜T by Girsanov’s theorem,
dP˜T
dP
= exp
[
−µ
σ
ZT − 1
2
(µ
σ
)2
T
]
.
Since Wt is non-negative, the local martingale
∫ t
0 e
csXsσdZ˜s is always non-negative, hence, a su-
permartingale under P˜T . Therefore, E˜[Wtect] ≤ 0 ∀ 0 < t < T. This implies Wt ≡ 0,∀0 <
t < T a.s. Letting T to infinity, we conclude that Wt ≡ 0, ∀0 < t < ∞, a.s.. Hence J(0) =∫∞
0 e
−(λ+δ)t(λKu(0) + u(0))dt = 1+λKλ+δ u(0). 
Lemma 6.2 The value function J(W ) is (strictly) continuous, increasing and concave.
Proof: Let AW be the admissible set of (Xt) for the control problem starting at W0 = W . Clearly,
AW1 ⊂ AW2 if W1 ≤ W2. The increasing property follows. Next, we show that the J(W ) is
concave. For X1 ∈ AW1 and X2 ∈ AW2 , it is easy to verify that λX1 + (1− λ)X2 ∈ AλW1+(1−λ)W2 .
Therefore, J(W ) is concave by the concavity of u(·). Since J(W ) is concave in (0,∞), hence it is
continuous in (0,∞).For the continuity at 0, we observe that J(0, L) ≤ J(W,L) ≤ J(W,∞) and
J(0, L) = J(0,∞). Now sending W to 0, the desired result follows.
Finally, we prove J(W ) is strictly increasing by a contradiction argument. Assume not, since J(·)
is concave, then there exists Wˆ , such that J(W ) is constant on [Wˆ ,∞). However, this is impossible
because its lower bound J0(W ) goes to infinity as W →∞. 
Lemma 6.3 Dynamic Programming Principle: If τˆ is a stopping time of the filtration Ft,
then
J(W ) = sup
AW
E
[∫ τˆ
0
e−(λ+δ)t(λKu((1− α)Wt) + u(cWt))dt+ e−(λ+δ)τˆJ(Wτˆ )
]
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Proof: The proof is standard, see Fleming and Soner (2006), Chapter 3. 
Proof of Proposition 1. We show that J(x) is the viscosity solution of (8) and such a
solution is unique. The existence part is standard in the theory of viscosity solution. See Fleming
and Soner (2006), Chapter 3. It can be also modified with a similar argument in Zariphopuulou
(1994), Theorem 3.1, which studies a relevant leverage constraint. To prove the uniqueness part
it suffices to prove the following comparison principle: if J(W ) is the viscosity supersolution and
J(W ) is the viscosity subsolution and satisfies J(0) ≥ J(0), then J(W ) ≥ J(W ) for all W ∈ (0,∞).
In this situation, since the function u(W ) is not Lipschitz, we cannot apply the standard
comparison principle directly in our situation. For this purpose, we will separate (0,∞) into two
parts: (0, δ) and (δ,∞) for some proper positive number δ, then show that ∀ > 0,
J(W ) +  ≥ J(W ), ∀W > 0.
Since J(0) ≥ J(0), there exists δ > 0, such that
J(W ) +  ≥ J(W ), ∀W ∈ (0, δ]. (A-1)
On the region W ∈ (δ,∞), u(W ) is Lipchitz so is the function λKu((1 − α)W ) + u(cW ). Since
ψ(W ) +  is the test function for J(W ) + , J(W ) is also a supersolution of (8), then we utilize the
standard comparison principle in Fleming and Soner (2006), Chapter 5 to obtain
J(W ) +  ≥ J(W ), ∀W ∈ (δ,∞) (A-2)
Now, combine (A-1) and (A-2), we have
J(W ) +  ≥ J(W ), ∀W > 0.
Since  is arbitrary, the comparison principle holds and the proof is now complete. 
Proof of Lemma 4.1. By Proposition 1, it suffices to verify that the function V (W ) = au(W )
is a C2 function of the HJB equation (9), in the absence of constraint Xt ≤ L, for a positive number
a. Given the specification of the value function, X = µ
Rσ2
W . Then, the HJB equation becomes
a
(
λ+ δ
1−R −
κ
R
+ c
)
=
1
1−R,
then a = 1λ+δ−ρ+c(1−R) . By Assumption A, a > 0, then V (W ) = a
W 1−R
1−R is the value function of
this optimal portfolio choice problem. 
We start with several lemmas before proving Proposition 2.
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Lemma 6.4 Assume V (W ) is C2 smooth, then there exists two positive numbers C0, C1 such that
C−10 W
−R ≤ V ′(W ) ≤ C−11 W−R, ∀W > 0.
In particular, limW→0 V ′(W ) =∞ and limW→∞ V ′(W ) = 0.
Proof: By a direct calculation, V 0(W ) = u(W )λ+δ+c(1−R) and Lemma 4.1 states that V
∞(W ) =
u(W )
λ+δ−ρ+c(1−R) . Then, by using the concave property of the function V (·) (Lemma 6.2), for any
positive number W > 0 and E > 0, we have
V ′(W ) ≥ 1
E
[V (W + E)− V (W )]
≥ 1
E
[V 0(W + E)− V∞(W )]
=
1
E
[
1
1−R
1
λ+ δ + c(1−R)(W + E)
1−R − 1
1−R
1
λ+ δ − ρ+ c(1−R)W
1−R
]
.
Choosing E = kW , we have
V ′(W ) ≥ 1
k
[
1
1−R
1
λ+ δ + c(1−R)(k + 1)
1−R − 1
1−R
1
λ+ δ − ρ+ c(1−R)
]
W−R
Let
C−10 = sup
k>0
1
k(1−R)
[
1
λ+ δ + c(1−R)(k + 1)
1−R − 1
λ+ δ − ρ+ c(1−R)
]+
, (A-3)
where x+ = max(x, 0). It is easy to see C0 is positive.
By the same reason, for any E = βW, β ∈ (0, 1), we have
V ′(W ) ≤ 1
βW
[V (W )− V (W − βW )]
≤ 1
βW
[
V∞(W )− V 0(W − βW )]
≤ 1
β(1−R)
{
1
λ+ δ − ρ+ c(1−R) −
1
λ+ δ + c(1−R)(1− β)
1−R
}
W−R.
Let
C−11 = inf
0<β<1
1
β(1−R)
[
1
λ+ δ − ρ+ c(1−R) −
1
λ+ δ + c(1−R)(1− β)
1−R
]+
. (A-4)
The proof is finished. 
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Lemma 6.5 Assume V (·) is C2 smooth, then there exists W˜ such that the open interval (0, W˜ ) is
included in U , and X∗(W˜ ) = L.
Proof: Assume not, then there exists a sequence Wn → 0 such that X∗(Wn) = L. Apply the
definition of B of the corresponding HJB equation. We have
λV (Wn) ≥ 1
1−RW
1−R
n − cWnV ′(Wn) +
1
2
µLV ′(Wn)
≥ 1
1−RW
1−R
n + (
1
2
µL− cWn)V ′(Wn).
Since V (W ) is continuous (Lemma 6.2), as n → ∞, the left hand side of the last inequality
approaches to λV (0) = 0. However, 12µL − cWn → 12µL, so the term
(
1
2µL− cWn
)
V ′(Wn) will
tends to +∞ (By Lemma 6.4) on the right hand side of the last inequality, which is a contradiction.

Proof of Proposition 2. For simplicity, we present the proof for c = 0. By assumption, V (·)
is C2 smooth. We define a function
Y (W ) = µV ′(W ) + σ2LV ′′(W ),W > 0. (A-5)
Then, Y (W ) < 0,∀W ∈ U , and Y (W ) > 0 for any W ∈ B.
Step 1. In the unconstrained region, the value function V (·) satisfies the ODE (13). By
differentiating the ODE equation once and twice, we obtain
(λ+ δ)V ′ = u′(W )− 2κV ′ + κ(V
′)2V ′′′
(V ′′)2
,
and
(λ+ δ)V ′′ = u′′(W )− 2κV ′′ + κ(V
′)2V ′′′′
(V ′′)2
+
2κV ′V ′′′
(V ′′)3
{
(V ′′)2 − V ′V ′′′} .
By the definition of Y (W ), the last two equations imply
(λ+ δ)Y = µu′(W ) + Lσ2u′′(W )− 2κY + κ(V
′)2
(V ′′)2
Y ′′ +
2κV ′V ′′′
(V ′′)3
{
V ′′
σ2L
Y − V
′
σ2L
Y ′
}
.
We then define an elliptic operator on the unconstrained region by
LU [y] ≡ −κ(V
′)2
(V ′′)2
y′′ − 2κV
′V ′′′
(V ′′)3
{
V ′′
σ2L
y − V
′
σ2L
y′
}
+ (λ+ δ + 2κ)y − µu′(W )− Lσ2u′′(W ).
Therefore, LU [Y ] = 0 in U .
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Step 2. In the constrained region B, by differentiating the ODE (14) of V (W ) once and twice,
we have
(λ+ δ)V ′ = u′(W ) + µLV ′′ +
1
2
σ2L2V ′′′
and
(λ+ δ)V ′′ = u′′(W ) + µLV ′′′ +
1
2
σ2L2V ′′′′.
Then,
(λ+ δ)Y = µLY ′ +
1
2
σ2L2Y ′′ + µu′(W ) + σ2Lu′′(W ).
Similarly, we define an elliptic operator
LB[y] = −1
2
σ2L2y′′ − µLy′ + (λ+ δ)y − µu′(W )− σ2Lu′′(W ).
Then LB[Y ] = 0 in B.
Step 3. By Lemma 6.5, there exists W1 > 0 such that (0,W1) ⊆ U and Y (W1) = 0. It suffices
to show that (W1,∞) ⊆ B by a contradiction argument. Assume not, then there exists W2 > W1
such that (W1,W2) ⊆ B and Y (W2) = 0. Moreover, there exists W3 (possibly infinity) such that
(W2,W3) ⊆ U . It remains to derive a contradiction to finish the proof.
First, since Y (W ) > 0 in (W1,W2) ⊆ B and Y (W1) = Y (W2) = 0, we show that the constant
function y = 0 is not the supersolution for LB[y] = 0 in (W1,W2). The reason is as follows.
By Proposition 1, the function Y is the solution of the equation LB[Y ] = 0. If y = 0 is the
supersolution, then y = 0 ≥ Y in (W1,W2) by the comparison principle, which contradicts to the
fact that Y (W ) > 0,∀W ∈ (W1,W2). Since y = 0 is not the supersolution, then there exists some
W ∈ (W1,W2) such that
LB[0] = −[µu′(W ) + σ2Lu′′(W )] = −W−R−1(µW − σ2LR) ≤ 0.
Therefore, µW − σ2LR ≥ 0 for some W ∈ (W1,W2); thus, µW2 − σ2LR ≥ 0. It implies that
µu′(W2) + σ2Lu′′(W2) ≥ 0. (A-6)
Second, in (W2,W3) ⊆ U , by calculation, we have
LU [0] = −W−R−1(µW − σ2LR).
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By Equation (A-6), we have
LU [0] ≤ 0. (A-7)
Since Y (W2) = Y (W3) = 0, then the constant function y = 0 is the subsolution for LU [y] = 0. By
the comparison principle, we obtain
Y (W ) ≥ 0,∀W ∈ (W2,W3) (A-8)
which is impossible since (W2,W3) belongs to the unconstrained region. We notice that if W3 =∞,
then we apply the comparison principle for the unbounded domain (W2,∞). See Fleming and
Sonner (2006) for the comparison principle. The proof is thus completed. 
Proof of Proposition 3. Under Assumption A and Lemma 4.1, V∞(W ) <∞, then the value
function V (W ) is well-defined. By Proposition 1, the value function V (W ) is the unique viscosity
solution of the HJB equation (8). Moreover, the unconstrained region and the constrained region
are given by [0,W ∗), (W ∗,∞) for a positive number W ∗, by Proposition 2.
First, in the constrained region, the general solution of the homogeneous second-order linear
ODE
Lf(W ) = (λ+ δ)f,Lf = 1
2
σ2L2f ′′(W ) + (µL− cW )f ′(W )
is smooth (See Borodin and Salminen, 1996, Chapter 2). Therefore, by the method of variation of
parameters method (King, Billinghan and Otto, 2003, Chapter 1), the general solution to the ODE
(14) is smooth in the constrained region.
Second, for the constrained region, we use the variable g such that VW = g
−R. This variable
is well-defined because of the strictly concavity of the value function. Then we have W = G(g)
for an increasing function G(·). By Proposition 2, the unconstrained region (0,W ∗) corresponds
one-one to a region (0, g∗). Moreover, Lemma 6.4 implies G(0) = 0. By differentiating both sides
of equation (13), the HJB equation for the value function is reduced to the following second-order
ODE for the function G(·),
G′′(g) =
R
κ
(
(λ+ δ + c− ρ) g−1 − gR−1G−R)G′ − cR2
κ
g−2G. (A-9)
Then G(·) is smooth inside the region (0, g∗). Lemma 4.1 and Lemma 6.4 provide boundary
conditions to solve the ordinary differential equations in the unconstrained and constrained region.
Because V (W ) is the unique smooth solution of the HJB, then Proposition 2 implies a unique W ∗
such that the function V (W ) presented above is smooth in the region (0,∞). 
Proof of Lemma 4.2: Without lost of generality, we assume that V ′(x∗−) < 0 < V ′(x∗) and
derive a contradiction. Since there is no available test function, the subsolution holds automatically.
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We next check the supersolution. Let the test function in the form of
ψ(x) ≡ V (x∗) + 1
2
[
V ′(x∗−) + V ′(x∗+)] (x− x∗) + α(x− x∗)2
We claim that α can take any real value: To make ψ(x) the valid test function, we need to guarantee
that ψ(x) ≤ V (x) when x is in a small neighbourhood of x∗. However, when x → x∗, the linear
term 12 [V
′(x∗−) + V ′(x∗+)] (x−x∗) will dominate the quadratic term α(x−x∗)2. Therefore, when
x and x∗ are close enough, we could choose sufficiently large α such that ψ(x) ≤ V (x). It is now
clear that α can take any value.
Now, apply the viscosity property at x∗, we have
F
(
x∗, V (x∗),
1
2
[
V ′(x∗−) + V ′(x∗+)] , 2α) ≥ 0,
which is impossible by the free choice of the parameter α. 
Proof of Proposition 4. We construct explicitly a candidate function of the value function by
assuming its smooth property, and verify it is indeed the smooth value function under assumptions.
The proof is divided into several steps.
Step 1. We derive candidate solution of equation (14) in the constrained region, assuming W ∗
is known. To simplify notation we still use V (W ) to represent the feasible solution of the value
function, being a solution of a corresponding ODE.
We notice that the solution of the homogeneous ODE, 12σ
2L2VWW +LµVW −(λ+δ)V (W ) = 0,
can be written as C1e
β1W +C2e
β2W . By the method of partial integral, one particular solution for
the non-linear ODE (13) is
V0(W ) = −
∫ W
0
2
σ2L2
u(x)
{
eβ1xeβ2W − eβ1W eβ2x
W (eβ1x, eβ2x)
}
dx (A-10)
where W (f, g) = fg′− f ′g is the Wronskian determinants of two solutions {f, g} of a homogeneous
second-order ODE. By a straightforward calculation,
V0(W ) =
2
(β1 − β2)(1−R)σ2L2
×
{
eβ2W
∫ W
0
x1−Re−β2xdx− eβ1W
∫ W
0
x1−Re−β1xdx
}
.
Therefore, the function V0(W ) is well-defined and it can be expressed in terms of the incomplete
gamma function. The general solution of the ODE (13) is
V (W ) = C1e
β1W + C2e
β2W + V0(W ). (A-11)
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Step 2. We show that C1 =
2
(β1−β2)(1−R)σ2L2 (β1)
R−2Γ(2−R) in equation (A-11).
By Lemma 4.1, V (W )
W 1−R is bounded above by a constant. Therefore, V (W )/e
β1W → 0 as W →∞
in the constrained region. On the other hand, by (A-11), we have as W →∞
C1 + C2e
(β2−β1)W +
V0(W )
eβ1W
→ 0 (A-12)
Note that
V0(W )
eβ1W
=
2
(β1 − β2)(1−R)σ2L2 ×
{
e(β2−β1)W
∫ W
0
x1−Re−β2xdx−
∫ W
0
x1−Re−β1xdx
}
. (A-13)
For the the first term in the bracket of (A-13), since β2 < 0, we have
e(β2−β1)W
∫ W
0
x1−Re−β2xdx = e−β1W
∫ W
0
x1−Reβ2(W−x)dx
≤ e−β1W
∫ W
0
x1−Rdx
= e−β1W
W 2−R
2−R
which tends to 0 as W →∞.
For the second term in the bracket of (A-13), change of variable y = β1x leads to∫ W
0
x1−Re−β1xdx = (β1)R−2
∫ β1W
0
y1−Re−ydy.
Therefore, it is an incomplete gamma function γ(2 − R, β1W ), By the property of incomplete
Gamma function (B-3) in Appendix B,
(β1)
R−2
∫ β1W
0
y1−Re−ydy → (β1)R−2Γ(2−R).
Then, we obtain
C1 =
2
(β1 − β2)(1−R)σ2L2 (β1)
R−2Γ(2−R).
Step 3. We characterize the feasible solution in the unconstrained region.
Following the classical method in Karatzas, et al (1987), Villa and Zariphopoulou (1997), we
introduce a new variable g by V ′(W ) = g−R. By Lemma 6.2, V ′(W ) is a decreasing function. Then,
W = G(g) for an increasing function G. We characterize the function G(g) and derive the feasible
function in terms of the auxiliary function G(·).
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Since W = G(g(W )), then 1 = G′(g)g′(W ), yielding G′(g) = 1/g′(W ). By using V ′′(W ) =
−Rg−R−1
G′(g) , the HJB equation becomes
(λ+ δ)V (G(g)) =
1
1−R [G(g)]
1−R +
κ
R
g−R+1G′(g).
We differentiate both sides of the above equation again with respect to W , obtaining
G′′(g) =
R
κ
g−1G′(g)
[
λ+ δ − ρ− gR(G(g))−R] (A-14)
Since G(·) is strictly increasing, the unconstrained region of W corresponds one-one to a region of
g. Moreover, by Lemma 6.1, we have, for any W ≤W ∗,
V (W ) =
u(0)
λ+ δ
+
∫ W
0
VWdW
=
u(0)
λ+ δ
+
∫ G−1(W )
0
g−RG′(g)dg.
Therefore, the feasible value function in the unconstrained region is uniquely determined by the
auxiliary function G(·).
Step 4. We derive the boundary condition for ordinary differential equation (A-14), assuming
the existence of W ∗. Since V ′(0) = +∞ (Lemma 6.4), we have G(0) = 0. Second, at W = W ∗,
G(g∗) = W ∗. Moreover, the constraint − µ
σ2
V ′(W ∗−)
V ′′(W ∗−) = L implies that
G′(g∗) =
LRσ2
µ
(g∗)−1.
By the characterization of the feasible value function in Step 3, the required smooth-fit condition
is
(g∗)−R =
2
(β1 − β2)(1−R)σ2L2 (β1)
R−1Γ(2−R)eβ1W + Cβ2eβ2W ∗ + V ′0(W ∗)
Therefore, the boundary condition of the ODE (A-14) are G(0) = 0, G(g∗) = W ∗ and G′(g∗) =
LRσ2
µ (g
∗)−1.
Step 5. We determine the parameter C in terms of W ∗ and the parameter W ∗. The smooth-fit
equation can be written as − µ
σ2
V ′(W ∗+)
V ′′(W ∗+) = L. Then, the feasible function in Step 2 implies that
−µ
[
2
(β1 − β2)(1−R)σ2L2 (β1)
R−1Γ(2−R)eβ1W + Cβ2eβ2W ∗ + V ′0(W ∗)
]
= σ2L
[
2
(β1 − β2)(1−R)σ2L2 (β1)
RΓ(2−R)eβ1W + Cβ22eβ2W
∗
+ V ′′0 (W
∗)
]
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Both parameters g∗ and C are determined uniquely by W ∗ as in (18) and (A-11). It remains to
solve the parameter W ∗. The value-matching equation, V (W ∗−) = V (W ∗+), can be written as
u(0)
λ+ δ
+
∫ g∗
0
g−RG′(g)dg =
2
(β1 − β2)(1−R)σ2L2 (β1)
R−2Γ(2−R)eβ1W ∗ + Ceβ2W ∗ + V0(W ∗).
(A-15)
By assumption, there exists such a positive number W ∗ in equation (19).
By the above discussions in Step 1 - Step 6, the presented function is a smooth solution of the
HJB equation. Then, W ∗ is unique and V (W,L) is given by (21) in Proposition 1. 
Proof of Proposition 5. In the unconstrained region, VW = g
−R. Since V ′′(W ) = −Rg
−R−1
G′(g) ,
the optimal strategy is X(W ) = µ
Rσ2
gG′(g). G(·) is not a linear function in general. Otherwise,
W ∗ = Rσ
2
µ L. Then equation (19) is viewed as an equation of of L, in which both sides are analytical
function of the variable L. By the analytical function property, it cannot hold for a general choice
of the capacity level L. 
Proof of Proposition 6. By using the same argument in proving Proposition 1, we can prove
that the value function is the unique viscosity solution of the HJB equation (for V (W ) = V b(W ))
(λ+ δ)V (W ) = max
0≤X≤bW
[
1
2
σ2X2V ′′ + µXV ′
]
+ u(W )− cWV ′(W )
with initial value V (0) = 0. We next find a C2 solution of the form V (W ) = aW
1−R
1−R to the above
HJB equation for a positive number a.
By a straightforward computation in the HJB equation, and since X∗ = bW , we have
(λ+ δ)a
W 1−R
1−R =
1
2
σ2b2W 2a(−R)W−R−1 + µbWaW−R + 1
1−RW
1−R
−cWaW−R,
yielding
a =
1
λ+ δ + (1−R)(12σ2b2R− µb) + c(1−R)
.
Since b < µ−r
Rσ2
, then X∗ = bW is the solution in max0≤X≤bW
[
1
2σ
2X2V ′′ + µXV ′
]
. The proof is
completed. 
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Appendix B: Incomplete Gamma function
The lower incomplete gamma function and the upper incomplete gamma function are defined by
by
Γ(s, x) =
∫ ∞
x
ts−1e−tdt; γ(s, x) =
∫ x
0
ts−1e−tdt. (B-1)
For any Re(s) > 0, the functions Γ(s, x) and γ(s, x) can be defined easily. Each of them can be
developed into a holomorphic function. In fact, the incomplete Gamma function is well-defined for
all complex s and x, by using the power series expansion
γ(s, x) = xsΓ(s)e−x
∞∑
k=0
xk
Γ(s+ k + 1)
. (B-2)
The following asymptotic behavior for the incomplete gamma function are used in the proof of
Proposition 4.
lim
x→∞ γ(s, x) = Γ(s), (B-3)
and
lim
x→0
γ(s, x)
xs
=
1
s
. (B-4)
See N.M. Temme, “The asymptotic expansion of the incomplete gamma functions” , SIAM J. Math.
Anal. 10 (1979), pp. 757 - 766.
It can also be connected with Kummer’s Confluent Hypergeometric Function, when Re(z) > 0,
γ(s, z) = s−1zse−zM(1, s+ 1, z) (B-5)
where
M(1, s+ 1, z) = 1 +
z
(s+ 1)
+
z2
(s+ 1)(s+ 2)
+ ... (B-6)
Therefore, the incomplete Gamma functions can be computed effectively.
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Figure 1: This figure displays the auxiliary function G(g) in the unconstrained region.
The model parameters are µ = 0.1, σ = 0.3, R = 0.5, l = 0.7, and W0 = 1, 000, 000. The
x-axis represents the parameter g and the y-axis represents the parameter G (in the
unit of 100,000). As shown, this function is NOT a linear function, thus, the optimal
strategy is not a myopic one as shown in Proposition 5.
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Figure 2: This figure displays the optimal portfolio strategy in three different strate-
gies. “Model” denotes the model under a constraint Xt ≤ L = 0.7W0. Parameters are
µ = 0.1, σ = 0.3, R = 0.5, l = 0.7. By calculation, the wealth threshold W ∗ = 492, 235 above
which the retiree invests 700,000 in the stock market. When the wealth portfolio is
smaller than W ∗, the optimal strategy is µ
Rσ2
gG′(g) where the auxiliary function G(·) is
illustrated in Figure 1. “Benchmark” denotes the optimal dollar amount in Lemma 5.1
in the absence of the constraint on the risky asset investment. Finally, “BPC” denotes
a bounded percentage constraint that Xt ≤ 12 µRσ2 .
33
Figure 3: This figure displays the optimal percentage of wealth, X(W )W , invested in the
stock market. The parameters are the same as in Figure 2. As shown, the percentage
is decreasing in the entire region of W . We also notice that the percentage curve is
steeper in the beginning of the retirement time when the wealth is closes to initial
wealth than that when the wealth closes to the threshold W ∗. As a function of W ,
X(W )
W is not C
1 smooth in contrast to the standard model (Richard, 1965, and Liu and
Lowenstein, 2002) or the model under leverage constraint (Proposition 6 in this paper,
and Vila and Zariphopiulou (1997)).
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Figure 4: This figure displays the effect of the risk capacity level, L, on the investing
strategy. The parameters are the same as in Figure 2. As shown, the higher the
capacity level L, the higher the dollar amount in the risky asset. The figure also
demonstrates that the threshold, W ∗, positively depends on L. The risk capacity level
L affects both the expected level of spending and the investing strategy even when
the portfolio value is smaller than this threshold.
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